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Reachability analysis

Discrete-time system
xt = F(t,x,p)
Reachability problem
@ Initial time: ty
o Initial states [x,X]
e Input bounds [p, p]

Reachable set in one discrete step
{F(t()axa p)’X S [&7]713 c [Baﬁ]}
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Reachability analysis
Continuous-time system

Discrete-time system % = f(t,x, p)
xt = F(t,x,p) Y
Reachability problem
Reachability problem o Time range: [to, t]
Initial time: & o
° n! !a 'me: to e Initial states [x,X]
e Initial states [x, X] o Input bounds [p, 7]
e Input bounds [p, p] -
_ _ Reachable set at final time t¢
Reachable set in one discrete step (x(tr: to, %0, P) %0 € [, %]
— — f1 10, X0, 0 € IX,X],
{F(t0,x, p)Ix € [x, %], p € [p, PI} o lto.tr] - [p.7])
- 1to, Lf )
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Over-approximations

SN SN

Flexible set representations
@ polytopes
o ellipsoids
o level sets
@ interval pavings

Accurate approximations
Low scalability

SN

Intervals
@ easy to manipulate
o defined with only 2 state vectors

@ intersection is still an interval

Good scalability
Lower accuracy
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Architecture

Core architecture — Over-approximation hub
[E? R] <~ TIRA([t()v tf}v [@7 EL [.Ea p])

(B, R] < TIRA(to, [z, 7], [p, P])

Contraction/

|_growth bound
Continuous-time

mixed-monotonicity|
Sampled-data

mixed-monotonicity
Discrete-time

mixed-monotonicity|
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Architecture

bystuom dCS(T‘I‘lptl()Il Problem definition
@=f(t.x,p) to, (t7), [z, 7], [p, 7|
zt = F(t,z,p) 0, \0f), 122 IPr
Core architecture — Over-approximation hub
[Ev R]i_ TIRA([t()v tf}v [@, f]? LE’ p])
User-inputs (B, R| <~ TIRA(to, [z,7], [p, P])
® Required Contraction/
|_growth bound

Continuous-time
mixed-monotonicity|
Sampled-data

mixed-monotonicity
Discrete-time

mixed-monotonicity|
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Architecture

System descripti

S}s.cm Lsc’np o Problem definition
ey to, (t7), 2,7, [p. 7
zt =F(t,z,p) 0, \Uf)s |5 2] |5 T

Core architecture — Over-approximation hub
[E? R]7<_ TIRA([t()v tf}v [@7 EL [.Ea p])
(B, R] « TIRA(to, [z, 7], [p, P])

User-inputs
® Required Contraction/
@ Recommended e |_growth bound
Additional information:! A[ Continuous-time
~ Jacobian bounds | “#/mixed-monotonicity

- contraction matrix '\ R Sampled-data
mixed-monotonicity
N

Discrete-time
4 mixed-monotonicity|

/
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Architecture

System description S
; I Problem definition

SR e ), a7, [

Core architecture - Meted — Over-approximation hub
et | [BVR] = TIRA([to, t), [, 7], [p. B)

User-inputs . choice %] [R, R] = TIRA(to, [z, 7], [p,P])
‘Parameters: = R
® Required Contraction/
@ Recommended S Lgrowth bound
. Additional information:! A[ Continuous-time
° Optlonal ~ Jacobian bounds ./ #|mixed-monotonicity
‘—f:(jl@l@@iﬁ)g matrix | \\\\ Sampled-data
« | mixed-monotonicity

N Discrete-time
4 mixed-monotonicity|

TIRA: Toolbox for Interval Reachability Analysis

Pierre-Jean Meyer (UC Berkeley)



Architecture

System description S
; I Problem definition

STRGER | e e), 7 [

Core architecture - Meted — Over-approximation hub
et | [BUR] = TIRA([to, t), [, 7], [p. B))

User-inputs . choice 1 H] [R, R] = TIRA(to, [z, 7], [p,P])
‘Parameters: = R
® Required Contraction/
@ Recommended . Lgrowth bound
. Additional information:! A[ Continuous-time
° Optlonal ~ Jacobian bounds ./ #|mixed-monotonicity
‘—f:(jl@l@(}iﬁ)g matrix | \\\\ Sampled-data
« | mixed-monotonicity

Extensible architecture $ 2 >
N Discrete-time
‘mixed—monotonicity

- New methods
provided by user:
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Over-approximation methods

User inputs Internal functions Methods

Contraction matrix/scalar Growth bound

function definition Contraction/growth
Continuous-time,
= f(t,x)+p

and limitations

Continuous-time
mixed-monotonicity

Discrete-time
Jacobian bounds mixed-monotonicity

Le-{Interval arithmetics —

Sampled-data
[Sampling/Falsification}— mixed-monotonicity

Continuous-time,
constant input p
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Method comparison

State x € R”
Method Tightness conditions | Complexity
Contraction/growth bound 1
CT mixed-monotonicity monotone 2
DT mixed-monotonicity sign-stable Jacobian 2n
SD mixed-monotonicity (IA) | sign-stable sensitivity > 0(2n)
SD mixed-monotonicity (SF) | sign-stable sensitivity o(2")

Complexity ~ number of successor evaluations
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[llustration: traffic network

===~ CT Contraction/growth bound
300 STITIRIRERIRIRITITI e T SOMM (ot stumetic)
CT SDMM i -ation)’
To L4 Lo > 280
p 1 260 -
3 —— 240
X5 xT7 ~

] 220 -
Piecewise affine model: 200
X = f(X’ p) 180 -
x € R™: road section densities 10"
p: constant input to section 1 w0}

I
50 100 150 200 250 300 350

Method n= n=99
Contraction/growth bound 0.13s 037s
CT mixed-monotonicity 0.05s 445

SDMM (Interval arithmetics) 0.28s 3385
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Conclusions

Matlab library of 4 interval reachability methods
@ covering most nonlinear systems
@ both continuous-time and discrete-time systems

@ good scalability

Toolbox architecture
o easily extensible
@ can choose most suitable method

https://gitlab.com/pj_meyer/TIRA
pjmeyer@berkeley.edu
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Comparison with Dynlbex!

Protein interactions?
0.6
)'(1 _ :Xl =+ X0 0.4 Q:‘rﬁ;gw’
X - 7 —03% .
g o
e Initial set: [0,0.3]? ol
e Time range: [0,10] s
-0.4
Method Time ol 1
TIRA (CTMM) 26 ms -0.4  -0.3 -0.2 -0.1 0 .Tlﬂ,l 0.2 0.3 0.4 0.5

Dynlbex 19s

! Julien Alexandre and Alexandre Chapoutot, Validated explicit and implicit

Runge-Kutta methods. Reliable Computing v. 22, 2016.
2Lee A. Segel, Modeling dynamic phenomena in molecular and cellular biology.

Cambridge University Press, 1984.
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