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Motivation

Problem definition

Nonlinear system: ẋ = f (x , u,w)

Reach-Avoid-Stay specification

Application to ship docking

Reach then stay in docking area

Avoid obstacles

Correct-by-construction approach

Offline path planning and formal methods

Formal guarantees

Reduced need for simulation-based testing

Docking area
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Overview

Concrete model Continuous abstraction Discrete abstraction
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Docking area Docking area

Tracking controller Piecewise constant controller Discrete controller
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ẋ = f(x, u, w) ˙̂x = f̂(x̂, û, ŵ)

Reach-avoid-stay specification Updated specifications
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Continuous abstraction - Error definition

Error e = x −
(
P

[
x̂
û

]
+ Ω

)
between systems ẋ = f (x , u,w) and ˙̂x = f̂ (x̂ , û, ŵ)

Novelty: depends explicitly on abstract input û

Error dynamics: ė = fe(e, x̂ , u, û,w , ŵ)

Goal: tracking controller u(t) = κ(t, e(t), x̂(t), û(t)) to bound the error around 0

Challenge: discrete abstraction creates piecewise constant
control input û

bound error for constant û

bound error for jumps ∆û

û
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<latexit sha1_base64="6Y7n/qQMYG5wclvl9X5iRdrd0I0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u0iznuiVK37Vn4OskiAnFchR75W/un3NsoQrZJJa2wn8FMMJNSiY5NNSN7M8pWxEB7zjqKIJt+Fkfu2UnDmlT2JtXCkkc/X3xIQm1o6TyHUmFId22ZuJ/3mdDOPrcCJUmiFXbLEoziRBTWavk74wnKEcO0KZEe5WwobUUIYuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp70X7937WLQWvHzmGP7A+/wBnd2PJA==</latexit><latexit sha1_base64="6Y7n/qQMYG5wclvl9X5iRdrd0I0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u0iznuiVK37Vn4OskiAnFchR75W/un3NsoQrZJJa2wn8FMMJNSiY5NNSN7M8pWxEB7zjqKIJt+Fkfu2UnDmlT2JtXCkkc/X3xIQm1o6TyHUmFId22ZuJ/3mdDOPrcCJUmiFXbLEoziRBTWavk74wnKEcO0KZEe5WwobUUIYuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp70X7937WLQWvHzmGP7A+/wBnd2PJA==</latexit><latexit sha1_base64="6Y7n/qQMYG5wclvl9X5iRdrd0I0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u0iznuiVK37Vn4OskiAnFchR75W/un3NsoQrZJJa2wn8FMMJNSiY5NNSN7M8pWxEB7zjqKIJt+Fkfu2UnDmlT2JtXCkkc/X3xIQm1o6TyHUmFId22ZuJ/3mdDOPrcCJUmiFXbLEoziRBTWavk74wnKEcO0KZEe5WwobUUIYuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp70X7937WLQWvHzmGP7A+/wBnd2PJA==</latexit><latexit sha1_base64="6Y7n/qQMYG5wclvl9X5iRdrd0I0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u0iznuiVK37Vn4OskiAnFchR75W/un3NsoQrZJJa2wn8FMMJNSiY5NNSN7M8pWxEB7zjqKIJt+Fkfu2UnDmlT2JtXCkkc/X3xIQm1o6TyHUmFId22ZuJ/3mdDOPrcCJUmiFXbLEoziRBTWavk74wnKEcO0KZEe5WwobUUIYuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp70X7937WLQWvHzmGP7A+/wBnd2PJA==</latexit>

⌧i + 1
<latexit sha1_base64="nO2HjCzJ5qp53wPmXJRVVybCI7M=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYD+wDWWz3bRLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrPfaQpn1BLojXL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7xlJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExm75OB0JyhnFhCmRb2VsJGVFOGNqSSDcFbfnmVtC6rnlv17muV+k0eRxFO4BTOwYMrqMMdNKAJDBQ8wyu8OcZ5cd6dj0VrwclnjuEPnM8fKL2P6A==</latexit><latexit sha1_base64="nO2HjCzJ5qp53wPmXJRVVybCI7M=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYD+wDWWz3bRLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrPfaQpn1BLojXL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7xlJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExm75OB0JyhnFhCmRb2VsJGVFOGNqSSDcFbfnmVtC6rnlv17muV+k0eRxFO4BTOwYMrqMMdNKAJDBQ8wyu8OcZ5cd6dj0VrwclnjuEPnM8fKL2P6A==</latexit><latexit sha1_base64="nO2HjCzJ5qp53wPmXJRVVybCI7M=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYD+wDWWz3bRLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrPfaQpn1BLojXL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7xlJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExm75OB0JyhnFhCmRb2VsJGVFOGNqSSDcFbfnmVtC6rnlv17muV+k0eRxFO4BTOwYMrqMMdNKAJDBQ8wyu8OcZ5cd6dj0VrwclnjuEPnM8fKL2P6A==</latexit><latexit sha1_base64="nO2HjCzJ5qp53wPmXJRVVybCI7M=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYD+wDWWz3bRLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrPfaQpn1BLojXL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7xlJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExm75OB0JyhnFhCmRb2VsJGVFOGNqSSDcFbfnmVtC6rnlv17muV+k0eRxFO4BTOwYMrqMMdNKAJDBQ8wyu8OcZ5cd6dj0VrwclnjuEPnM8fKL2P6A==</latexit>
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Continuous abstraction - Bounding the error

Key idea: bound a Lyapunov function V (t, e) by some constant γ ∈ R
→ define funnel F (t) := {e : V (t, e) ≤ γ} of allowed errors trajectories

Bounding error flow with constant û

Constraints on κ(t, e(t), x̂(t), û(t)) and V (t, e) such that

e(0) ∈ F (0) =⇒ ∀t ∈ [0,Ts), e(t) ∈ F (t)

t = 0
<latexit sha1_base64="3OHdoD+77TAF1FvopR+0F+KK28o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8pHcELdfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz984Y3N</latexit><latexit sha1_base64="3OHdoD+77TAF1FvopR+0F+KK28o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8pHcELdfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz984Y3N</latexit><latexit sha1_base64="3OHdoD+77TAF1FvopR+0F+KK28o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8pHcELdfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz984Y3N</latexit><latexit sha1_base64="3OHdoD+77TAF1FvopR+0F+KK28o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8pHcELdfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz984Y3N</latexit>

t = Ts
<latexit sha1_base64="ZwjDDCClgLRbhLYR+gbhm0L+zgA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjhX5BG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrJk4T7kd0pEQoGEUrdZDckubADMoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqudWvcfrSv0uj6MIZ3AOl+BBDerwAA1oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifPz6ajtc=</latexit><latexit sha1_base64="ZwjDDCClgLRbhLYR+gbhm0L+zgA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjhX5BG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrJk4T7kd0pEQoGEUrdZDckubADMoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqudWvcfrSv0uj6MIZ3AOl+BBDerwAA1oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifPz6ajtc=</latexit><latexit sha1_base64="ZwjDDCClgLRbhLYR+gbhm0L+zgA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjhX5BG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrJk4T7kd0pEQoGEUrdZDckubADMoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqudWvcfrSv0uj6MIZ3AOl+BBDerwAA1oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifPz6ajtc=</latexit><latexit sha1_base64="ZwjDDCClgLRbhLYR+gbhm0L+zgA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjhX5BG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrJk4T7kd0pEQoGEUrdZDckubADMoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqudWvcfrSv0uj6MIZ3AOl+BBDerwAA1oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifPz6ajtc=</latexit>

F (t)
<latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit><latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit><latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit><latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit>

e(t)
<latexit sha1_base64="ywjc656j5SmZRzshHjTJY7W6d60=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lrfztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wSTu9zvPHFjRaQfcRpzX9GRFqFgFHOJ1/BiUKm6dXcOskq8glShQHNQ+eoPI5YorpFJam3Pc2P0U2pQMMln5X5ieUzZhI54L6OaKm79dH7rjJxnypCEkclKI5mrvydSqqydqiDrVBTHdtnLxf+8XoLhjZ8KHSfINVssChNJMCL542QoDGcopxmhzIjsVsLG1FCGWTzlLARv+eVV0r6se27de7iqNm6LOEpwCmdQAw+uoQH30IQWMBjDM7zCm6OcF+fd+Vi0rjnFzAn8gfP5A2TEjcw=</latexit><latexit sha1_base64="ywjc656j5SmZRzshHjTJY7W6d60=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lrfztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wSTu9zvPHFjRaQfcRpzX9GRFqFgFHOJ1/BiUKm6dXcOskq8glShQHNQ+eoPI5YorpFJam3Pc2P0U2pQMMln5X5ieUzZhI54L6OaKm79dH7rjJxnypCEkclKI5mrvydSqqydqiDrVBTHdtnLxf+8XoLhjZ8KHSfINVssChNJMCL542QoDGcopxmhzIjsVsLG1FCGWTzlLARv+eVV0r6se27de7iqNm6LOEpwCmdQAw+uoQH30IQWMBjDM7zCm6OcF+fd+Vi0rjnFzAn8gfP5A2TEjcw=</latexit><latexit sha1_base64="ywjc656j5SmZRzshHjTJY7W6d60=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lrfztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wSTu9zvPHFjRaQfcRpzX9GRFqFgFHOJ1/BiUKm6dXcOskq8glShQHNQ+eoPI5YorpFJam3Pc2P0U2pQMMln5X5ieUzZhI54L6OaKm79dH7rjJxnypCEkclKI5mrvydSqqydqiDrVBTHdtnLxf+8XoLhjZ8KHSfINVssChNJMCL542QoDGcopxmhzIjsVsLG1FCGWTzlLARv+eVV0r6se27de7iqNm6LOEpwCmdQAw+uoQH30IQWMBjDM7zCm6OcF+fd+Vi0rjnFzAn8gfP5A2TEjcw=</latexit><latexit sha1_base64="ywjc656j5SmZRzshHjTJY7W6d60=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lrfztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wSTu9zvPHFjRaQfcRpzX9GRFqFgFHOJ1/BiUKm6dXcOskq8glShQHNQ+eoPI5YorpFJam3Pc2P0U2pQMMln5X5ieUzZhI54L6OaKm79dH7rjJxnypCEkclKI5mrvydSqqydqiDrVBTHdtnLxf+8XoLhjZ8KHSfINVssChNJMCL542QoDGcopxmhzIjsVsLG1FCGWTzlLARv+eVV0r6se27de7iqNm6LOEpwCmdQAw+uoQH30IQWMBjDM7zCm6OcF+fd+Vi0rjnFzAn8gfP5A2TEjcw=</latexit>

F (0)
<latexit sha1_base64="E+jjan5oFlPEigbzL4A/5pG3Jfk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1NaW9/Y3CpvV3Z29/YPqodHHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6W3md5+o0iySj2YWU1/gsWQhI9hk0l3dPR9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04R5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz/OCI1p</latexit><latexit sha1_base64="E+jjan5oFlPEigbzL4A/5pG3Jfk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1NaW9/Y3CpvV3Z29/YPqodHHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6W3md5+o0iySj2YWU1/gsWQhI9hk0l3dPR9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04R5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz/OCI1p</latexit><latexit sha1_base64="E+jjan5oFlPEigbzL4A/5pG3Jfk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1NaW9/Y3CpvV3Z29/YPqodHHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6W3md5+o0iySj2YWU1/gsWQhI9hk0l3dPR9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04R5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz/OCI1p</latexit><latexit sha1_base64="E+jjan5oFlPEigbzL4A/5pG3Jfk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1NaW9/Y3CpvV3Z29/YPqodHHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6W3md5+o0iySj2YWU1/gsWQhI9hk0l3dPR9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04R5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz/OCI1p</latexit>

F (Ts)
<latexit sha1_base64="aOYLBAvoBTzr+oMM6htORFgNcB8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosCuKxQr+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GZ+54kqzaRommlM/QiPBAsZwcZK7btqc6DPB+WKW3PnQKvEy0kFcjQG5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfjq/dobOrDJEoVS2hEFz9fdEiiOtp1FgOyNsxnrZy8T/vF5iwms/ZSJODBVksShMODISZa+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHluzXu4rNRv8jiKcAKnUAUPrqAO99CAFhB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOPrY5z</latexit><latexit sha1_base64="aOYLBAvoBTzr+oMM6htORFgNcB8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosCuKxQr+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GZ+54kqzaRommlM/QiPBAsZwcZK7btqc6DPB+WKW3PnQKvEy0kFcjQG5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfjq/dobOrDJEoVS2hEFz9fdEiiOtp1FgOyNsxnrZy8T/vF5iwms/ZSJODBVksShMODISZa+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHluzXu4rNRv8jiKcAKnUAUPrqAO99CAFhB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOPrY5z</latexit><latexit sha1_base64="aOYLBAvoBTzr+oMM6htORFgNcB8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosCuKxQr+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GZ+54kqzaRommlM/QiPBAsZwcZK7btqc6DPB+WKW3PnQKvEy0kFcjQG5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfjq/dobOrDJEoVS2hEFz9fdEiiOtp1FgOyNsxnrZy8T/vF5iwms/ZSJODBVksShMODISZa+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHluzXu4rNRv8jiKcAKnUAUPrqAO99CAFhB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOPrY5z</latexit><latexit sha1_base64="aOYLBAvoBTzr+oMM6htORFgNcB8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosCuKxQr+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GZ+54kqzaRommlM/QiPBAsZwcZK7btqc6DPB+WKW3PnQKvEy0kFcjQG5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfjq/dobOrDJEoVS2hEFz9fdEiiOtp1FgOyNsxnrZy8T/vF5iwms/ZSJODBVksShMODISZa+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHluzXu4rNRv8jiKcAKnUAUPrqAO99CAFhB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOPrY5z</latexit>
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Continuous abstraction - Bounding the error

Key idea: bound a Lyapunov function V (t, e) by some constant γ ∈ R
→ define funnel F (t) := {e : V (t, e) ≤ γ} of allowed errors trajectories

Bounding error jumps

Additional constraint on V (Ts , e(Ts)) such that

e(T−
s ) ∈ F (Ts) =⇒ e(T+

s ) ∈ F (0)

t = 0
<latexit sha1_base64="3OHdoD+77TAF1FvopR+0F+KK28o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8pHcELdfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz984Y3N</latexit><latexit sha1_base64="3OHdoD+77TAF1FvopR+0F+KK28o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8pHcELdfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz984Y3N</latexit><latexit sha1_base64="3OHdoD+77TAF1FvopR+0F+KK28o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8pHcELdfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz984Y3N</latexit><latexit sha1_base64="3OHdoD+77TAF1FvopR+0F+KK28o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8pHcELdfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz984Y3N</latexit>

t = Ts
<latexit sha1_base64="ZwjDDCClgLRbhLYR+gbhm0L+zgA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjhX5BG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrJk4T7kd0pEQoGEUrdZDckubADMoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqudWvcfrSv0uj6MIZ3AOl+BBDerwAA1oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifPz6ajtc=</latexit><latexit sha1_base64="ZwjDDCClgLRbhLYR+gbhm0L+zgA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjhX5BG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrJk4T7kd0pEQoGEUrdZDckubADMoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqudWvcfrSv0uj6MIZ3AOl+BBDerwAA1oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifPz6ajtc=</latexit><latexit sha1_base64="ZwjDDCClgLRbhLYR+gbhm0L+zgA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjhX5BG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrJk4T7kd0pEQoGEUrdZDckubADMoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqudWvcfrSv0uj6MIZ3AOl+BBDerwAA1oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifPz6ajtc=</latexit><latexit sha1_base64="ZwjDDCClgLRbhLYR+gbhm0L+zgA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjhX5BG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrJk4T7kd0pEQoGEUrdZDckubADMoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqudWvcfrSv0uj6MIZ3AOl+BBDerwAA1oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifPz6ajtc=</latexit>

t = 2Ts
<latexit sha1_base64="EDY9cX+riNpj6NPlwzmyvn1L788=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXis0C9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsSqgZOE+xEdKhEKRtFKHSQ3pNrom36p7FbcOcgq8XJShhz1fumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fze6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMnueDITmDOXEEsq0sLcSNqKaMrQRFW0I3vLLq6RVrXhuxXu4LNdu8zgKcApncAEeXEEN7qEOTWAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w+w2Y8T</latexit><latexit sha1_base64="EDY9cX+riNpj6NPlwzmyvn1L788=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXis0C9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsSqgZOE+xEdKhEKRtFKHSQ3pNrom36p7FbcOcgq8XJShhz1fumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fze6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMnueDITmDOXEEsq0sLcSNqKaMrQRFW0I3vLLq6RVrXhuxXu4LNdu8zgKcApncAEeXEEN7qEOTWAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w+w2Y8T</latexit><latexit sha1_base64="EDY9cX+riNpj6NPlwzmyvn1L788=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXis0C9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsSqgZOE+xEdKhEKRtFKHSQ3pNrom36p7FbcOcgq8XJShhz1fumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fze6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMnueDITmDOXEEsq0sLcSNqKaMrQRFW0I3vLLq6RVrXhuxXu4LNdu8zgKcApncAEeXEEN7qEOTWAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w+w2Y8T</latexit><latexit sha1_base64="EDY9cX+riNpj6NPlwzmyvn1L788=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXis0C9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsSqgZOE+xEdKhEKRtFKHSQ3pNrom36p7FbcOcgq8XJShhz1fumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fze6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMnueDITmDOXEEsq0sLcSNqKaMrQRFW0I3vLLq6RVrXhuxXu4LNdu8zgKcApncAEeXEEN7qEOTWAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w+w2Y8T</latexit>

F (t)
<latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit><latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit><latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit><latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit>

F (t)
<latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit><latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit><latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit><latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit>

e(t)
<latexit sha1_base64="ywjc656j5SmZRzshHjTJY7W6d60=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lrfztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wSTu9zvPHFjRaQfcRpzX9GRFqFgFHOJ1/BiUKm6dXcOskq8glShQHNQ+eoPI5YorpFJam3Pc2P0U2pQMMln5X5ieUzZhI54L6OaKm79dH7rjJxnypCEkclKI5mrvydSqqydqiDrVBTHdtnLxf+8XoLhjZ8KHSfINVssChNJMCL542QoDGcopxmhzIjsVsLG1FCGWTzlLARv+eVV0r6se27de7iqNm6LOEpwCmdQAw+uoQH30IQWMBjDM7zCm6OcF+fd+Vi0rjnFzAn8gfP5A2TEjcw=</latexit><latexit sha1_base64="ywjc656j5SmZRzshHjTJY7W6d60=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lrfztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wSTu9zvPHFjRaQfcRpzX9GRFqFgFHOJ1/BiUKm6dXcOskq8glShQHNQ+eoPI5YorpFJam3Pc2P0U2pQMMln5X5ieUzZhI54L6OaKm79dH7rjJxnypCEkclKI5mrvydSqqydqiDrVBTHdtnLxf+8XoLhjZ8KHSfINVssChNJMCL542QoDGcopxmhzIjsVsLG1FCGWTzlLARv+eVV0r6se27de7iqNm6LOEpwCmdQAw+uoQH30IQWMBjDM7zCm6OcF+fd+Vi0rjnFzAn8gfP5A2TEjcw=</latexit><latexit sha1_base64="ywjc656j5SmZRzshHjTJY7W6d60=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lrfztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wSTu9zvPHFjRaQfcRpzX9GRFqFgFHOJ1/BiUKm6dXcOskq8glShQHNQ+eoPI5YorpFJam3Pc2P0U2pQMMln5X5ieUzZhI54L6OaKm79dH7rjJxnypCEkclKI5mrvydSqqydqiDrVBTHdtnLxf+8XoLhjZ8KHSfINVssChNJMCL542QoDGcopxmhzIjsVsLG1FCGWTzlLARv+eVV0r6se27de7iqNm6LOEpwCmdQAw+uoQH30IQWMBjDM7zCm6OcF+fd+Vi0rjnFzAn8gfP5A2TEjcw=</latexit><latexit sha1_base64="ywjc656j5SmZRzshHjTJY7W6d60=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lrfztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wSTu9zvPHFjRaQfcRpzX9GRFqFgFHOJ1/BiUKm6dXcOskq8glShQHNQ+eoPI5YorpFJam3Pc2P0U2pQMMln5X5ieUzZhI54L6OaKm79dH7rjJxnypCEkclKI5mrvydSqqydqiDrVBTHdtnLxf+8XoLhjZ8KHSfINVssChNJMCL542QoDGcopxmhzIjsVsLG1FCGWTzlLARv+eVV0r6se27de7iqNm6LOEpwCmdQAw+uoQH30IQWMBjDM7zCm6OcF+fd+Vi0rjnFzAn8gfP5A2TEjcw=</latexit>

F (0)
<latexit sha1_base64="E+jjan5oFlPEigbzL4A/5pG3Jfk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1NaW9/Y3CpvV3Z29/YPqodHHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6W3md5+o0iySj2YWU1/gsWQhI9hk0l3dPR9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04R5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz/OCI1p</latexit><latexit sha1_base64="E+jjan5oFlPEigbzL4A/5pG3Jfk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1NaW9/Y3CpvV3Z29/YPqodHHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6W3md5+o0iySj2YWU1/gsWQhI9hk0l3dPR9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04R5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz/OCI1p</latexit><latexit sha1_base64="E+jjan5oFlPEigbzL4A/5pG3Jfk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1NaW9/Y3CpvV3Z29/YPqodHHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6W3md5+o0iySj2YWU1/gsWQhI9hk0l3dPR9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04R5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz/OCI1p</latexit><latexit sha1_base64="E+jjan5oFlPEigbzL4A/5pG3Jfk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1NaW9/Y3CpvV3Z29/YPqodHHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6W3md5+o0iySj2YWU1/gsWQhI9hk0l3dPR9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04R5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz/OCI1p</latexit>

Main result: such choices of κ and V ensure e(0) ∈ F (0) =⇒ ∀t ≥ 0, e(t) ∈ F (t)
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Continuous abstraction - SOS programming

Assumption

Concrete system ẋ = f (x , u,w) is control affine

Error dynamics ė = fe(e, x̂ , u, û,w , ŵ) are polynomial

State and input constraints X̂ , Û, ∆Û, W , Ŵ are semi-algebraic sets

Restrict V and κ to polynomial functions

SOS optimization problem to minimize the funnel volume

Bound the funnel by an interval [−ε, ε]

t = 0
<latexit sha1_base64="3OHdoD+77TAF1FvopR+0F+KK28o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8pHcELdfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz984Y3N</latexit><latexit sha1_base64="3OHdoD+77TAF1FvopR+0F+KK28o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8pHcELdfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz984Y3N</latexit><latexit sha1_base64="3OHdoD+77TAF1FvopR+0F+KK28o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8pHcELdfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz984Y3N</latexit><latexit sha1_base64="3OHdoD+77TAF1FvopR+0F+KK28o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8pHcELdfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz984Y3N</latexit>

t = Ts
<latexit sha1_base64="ZwjDDCClgLRbhLYR+gbhm0L+zgA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjhX5BG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrJk4T7kd0pEQoGEUrdZDckubADMoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqudWvcfrSv0uj6MIZ3AOl+BBDerwAA1oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifPz6ajtc=</latexit><latexit sha1_base64="ZwjDDCClgLRbhLYR+gbhm0L+zgA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjhX5BG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrJk4T7kd0pEQoGEUrdZDckubADMoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqudWvcfrSv0uj6MIZ3AOl+BBDerwAA1oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifPz6ajtc=</latexit><latexit sha1_base64="ZwjDDCClgLRbhLYR+gbhm0L+zgA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjhX5BG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrJk4T7kd0pEQoGEUrdZDckubADMoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqudWvcfrSv0uj6MIZ3AOl+BBDerwAA1oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifPz6ajtc=</latexit><latexit sha1_base64="ZwjDDCClgLRbhLYR+gbhm0L+zgA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjhX5BG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrJk4T7kd0pEQoGEUrdZDckubADMoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqudWvcfrSv0uj6MIZ3AOl+BBDerwAA1oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifPz6ajtc=</latexit>

t = 2Ts
<latexit sha1_base64="EDY9cX+riNpj6NPlwzmyvn1L788=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXis0C9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsSqgZOE+xEdKhEKRtFKHSQ3pNrom36p7FbcOcgq8XJShhz1fumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fze6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMnueDITmDOXEEsq0sLcSNqKaMrQRFW0I3vLLq6RVrXhuxXu4LNdu8zgKcApncAEeXEEN7qEOTWAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w+w2Y8T</latexit><latexit sha1_base64="EDY9cX+riNpj6NPlwzmyvn1L788=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXis0C9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsSqgZOE+xEdKhEKRtFKHSQ3pNrom36p7FbcOcgq8XJShhz1fumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fze6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMnueDITmDOXEEsq0sLcSNqKaMrQRFW0I3vLLq6RVrXhuxXu4LNdu8zgKcApncAEeXEEN7qEOTWAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w+w2Y8T</latexit><latexit sha1_base64="EDY9cX+riNpj6NPlwzmyvn1L788=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXis0C9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsSqgZOE+xEdKhEKRtFKHSQ3pNrom36p7FbcOcgq8XJShhz1fumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fze6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMnueDITmDOXEEsq0sLcSNqKaMrQRFW0I3vLLq6RVrXhuxXu4LNdu8zgKcApncAEeXEEN7qEOTWAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w+w2Y8T</latexit><latexit sha1_base64="EDY9cX+riNpj6NPlwzmyvn1L788=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXis0C9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsSqgZOE+xEdKhEKRtFKHSQ3pNrom36p7FbcOcgq8XJShhz1fumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fze6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMnueDITmDOXEEsq0sLcSNqKaMrQRFW0I3vLLq6RVrXhuxXu4LNdu8zgKcApncAEeXEEN7qEOTWAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w+w2Y8T</latexit>

F (t)
<latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit><latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit><latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit><latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit>

F (t)
<latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit><latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit><latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit><latexit sha1_base64="FcaUeM7E/j0KPrVgh+Iwa4a76IU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLd5OwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvs389hPXRsTRI04S7is6jEQoGMVMuqvieb9ccWvuHGSVeDmpQI5Gv/zVG8QsVTxCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWRlRx40/nt87ImVUGJIy1rQjJXP09MaXKmIkKbKeiODLLXib+53VTDK/9qYiSFHnEFovCVBKMSfY4GQjNGcqJJZRpYW8lbEQ1ZWjjKdkQvOWXV0nroua5Ne/hslK/yeMowgmcQhU8uII63EMDmsBgBM/wCm+Ocl6cd+dj0Vpw8plj+APn8wc1a42t</latexit>

e(t)
<latexit sha1_base64="ywjc656j5SmZRzshHjTJY7W6d60=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lrfztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wSTu9zvPHFjRaQfcRpzX9GRFqFgFHOJ1/BiUKm6dXcOskq8glShQHNQ+eoPI5YorpFJam3Pc2P0U2pQMMln5X5ieUzZhI54L6OaKm79dH7rjJxnypCEkclKI5mrvydSqqydqiDrVBTHdtnLxf+8XoLhjZ8KHSfINVssChNJMCL542QoDGcopxmhzIjsVsLG1FCGWTzlLARv+eVV0r6se27de7iqNm6LOEpwCmdQAw+uoQH30IQWMBjDM7zCm6OcF+fd+Vi0rjnFzAn8gfP5A2TEjcw=</latexit><latexit sha1_base64="ywjc656j5SmZRzshHjTJY7W6d60=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lrfztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wSTu9zvPHFjRaQfcRpzX9GRFqFgFHOJ1/BiUKm6dXcOskq8glShQHNQ+eoPI5YorpFJam3Pc2P0U2pQMMln5X5ieUzZhI54L6OaKm79dH7rjJxnypCEkclKI5mrvydSqqydqiDrVBTHdtnLxf+8XoLhjZ8KHSfINVssChNJMCL542QoDGcopxmhzIjsVsLG1FCGWTzlLARv+eVV0r6se27de7iqNm6LOEpwCmdQAw+uoQH30IQWMBjDM7zCm6OcF+fd+Vi0rjnFzAn8gfP5A2TEjcw=</latexit><latexit sha1_base64="ywjc656j5SmZRzshHjTJY7W6d60=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lrfztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wSTu9zvPHFjRaQfcRpzX9GRFqFgFHOJ1/BiUKm6dXcOskq8glShQHNQ+eoPI5YorpFJam3Pc2P0U2pQMMln5X5ieUzZhI54L6OaKm79dH7rjJxnypCEkclKI5mrvydSqqydqiDrVBTHdtnLxf+8XoLhjZ8KHSfINVssChNJMCL542QoDGcopxmhzIjsVsLG1FCGWTzlLARv+eVV0r6se27de7iqNm6LOEpwCmdQAw+uoQH30IQWMBjDM7zCm6OcF+fd+Vi0rjnFzAn8gfP5A2TEjcw=</latexit><latexit sha1_base64="ywjc656j5SmZRzshHjTJY7W6d60=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lrfztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wSTu9zvPHFjRaQfcRpzX9GRFqFgFHOJ1/BiUKm6dXcOskq8glShQHNQ+eoPI5YorpFJam3Pc2P0U2pQMMln5X5ieUzZhI54L6OaKm79dH7rjJxnypCEkclKI5mrvydSqqydqiDrVBTHdtnLxf+8XoLhjZ8KHSfINVssChNJMCL542QoDGcopxmhzIjsVsLG1FCGWTzlLARv+eVV0r6se27de7iqNm6LOEpwCmdQAw+uoQH30IQWMBjDM7zCm6OcF+fd+Vi0rjnFzAn8gfP5A2TEjcw=</latexit>

[�", "]
<latexit sha1_base64="6oBieBz4a/n9ccPR+Bu9l7EOpoU=">AAACBHicdVDLSsNAFJ34rPUVddnNYBFcaEliaOuu6MZlBfuANpTJdNIOnUzCzKRQQhdu/BU3LhRx60e482+ctBWq6IELZ865l7n3+DGjUlnWp7Gyura+sZnbym/v7O7tmweHTRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5o+vMb42JkDTid2oSEy9EA04DipHSUs8sdM67YyRILCmL+Blceng9s2iVLqtlxy1Dq2RZFduxM+JU3AsX2lrJUAQL1HvmR7cf4SQkXGGGpOzYVqy8FAlFMSPTfDeRJEZ4hAakoylHIZFeOjtiCk+00odBJHRxBWfq8kSKQiknoa87Q6SG8reXiX95nUQFVS+lPE4U4Xj+UZAwqCKYJQL7VBCs2EQThAXVu0I8RAJhpXPL6xC+L4X/k6ZTsq2SfesWa1eLOHKgAI7BKbBBBdTADaiDBsDgHjyCZ/BiPBhPxqvxNm9dMRYzR+AHjPcvIOqYag==</latexit><latexit sha1_base64="6oBieBz4a/n9ccPR+Bu9l7EOpoU=">AAACBHicdVDLSsNAFJ34rPUVddnNYBFcaEliaOuu6MZlBfuANpTJdNIOnUzCzKRQQhdu/BU3LhRx60e482+ctBWq6IELZ865l7n3+DGjUlnWp7Gyura+sZnbym/v7O7tmweHTRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5o+vMb42JkDTid2oSEy9EA04DipHSUs8sdM67YyRILCmL+Blceng9s2iVLqtlxy1Dq2RZFduxM+JU3AsX2lrJUAQL1HvmR7cf4SQkXGGGpOzYVqy8FAlFMSPTfDeRJEZ4hAakoylHIZFeOjtiCk+00odBJHRxBWfq8kSKQiknoa87Q6SG8reXiX95nUQFVS+lPE4U4Xj+UZAwqCKYJQL7VBCs2EQThAXVu0I8RAJhpXPL6xC+L4X/k6ZTsq2SfesWa1eLOHKgAI7BKbBBBdTADaiDBsDgHjyCZ/BiPBhPxqvxNm9dMRYzR+AHjPcvIOqYag==</latexit><latexit sha1_base64="6oBieBz4a/n9ccPR+Bu9l7EOpoU=">AAACBHicdVDLSsNAFJ34rPUVddnNYBFcaEliaOuu6MZlBfuANpTJdNIOnUzCzKRQQhdu/BU3LhRx60e482+ctBWq6IELZ865l7n3+DGjUlnWp7Gyura+sZnbym/v7O7tmweHTRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5o+vMb42JkDTid2oSEy9EA04DipHSUs8sdM67YyRILCmL+Blceng9s2iVLqtlxy1Dq2RZFduxM+JU3AsX2lrJUAQL1HvmR7cf4SQkXGGGpOzYVqy8FAlFMSPTfDeRJEZ4hAakoylHIZFeOjtiCk+00odBJHRxBWfq8kSKQiknoa87Q6SG8reXiX95nUQFVS+lPE4U4Xj+UZAwqCKYJQL7VBCs2EQThAXVu0I8RAJhpXPL6xC+L4X/k6ZTsq2SfesWa1eLOHKgAI7BKbBBBdTADaiDBsDgHjyCZ/BiPBhPxqvxNm9dMRYzR+AHjPcvIOqYag==</latexit><latexit sha1_base64="6oBieBz4a/n9ccPR+Bu9l7EOpoU=">AAACBHicdVDLSsNAFJ34rPUVddnNYBFcaEliaOuu6MZlBfuANpTJdNIOnUzCzKRQQhdu/BU3LhRx60e482+ctBWq6IELZ865l7n3+DGjUlnWp7Gyura+sZnbym/v7O7tmweHTRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5o+vMb42JkDTid2oSEy9EA04DipHSUs8sdM67YyRILCmL+Blceng9s2iVLqtlxy1Dq2RZFduxM+JU3AsX2lrJUAQL1HvmR7cf4SQkXGGGpOzYVqy8FAlFMSPTfDeRJEZ4hAakoylHIZFeOjtiCk+00odBJHRxBWfq8kSKQiknoa87Q6SG8reXiX95nUQFVS+lPE4U4Xj+UZAwqCKYJQL7VBCs2EQThAXVu0I8RAJhpXPL6xC+L4X/k6ZTsq2SfesWa1eLOHKgAI7BKbBBBdTADaiDBsDgHjyCZ/BiPBhPxqvxNm9dMRYzR+AHjPcvIOqYag==</latexit>

F (0)
<latexit sha1_base64="E+jjan5oFlPEigbzL4A/5pG3Jfk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1NaW9/Y3CpvV3Z29/YPqodHHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6W3md5+o0iySj2YWU1/gsWQhI9hk0l3dPR9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04R5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz/OCI1p</latexit><latexit sha1_base64="E+jjan5oFlPEigbzL4A/5pG3Jfk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1NaW9/Y3CpvV3Z29/YPqodHHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6W3md5+o0iySj2YWU1/gsWQhI9hk0l3dPR9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04R5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz/OCI1p</latexit><latexit sha1_base64="E+jjan5oFlPEigbzL4A/5pG3Jfk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1NaW9/Y3CpvV3Z29/YPqodHHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6W3md5+o0iySj2YWU1/gsWQhI9hk0l3dPR9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04R5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz/OCI1p</latexit><latexit sha1_base64="E+jjan5oFlPEigbzL4A/5pG3Jfk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LgnisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1NaW9/Y3CpvV3Z29/YPqodHHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6W3md5+o0iySj2YWU1/gsWQhI9hk0l3dPR9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04R5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz/OCI1p</latexit>

Update reach-avoid-stay specifications

Docking area

Pierre-Jean Meyer (UC Berkeley) Continuous and discrete abstractions for planning IFAC 2020 6 / 13



Discrete abstraction

Discretization of ˙̂x = f̂ (x̂ , û, ŵ)

Time: fixed sampling time Ts

Input: finite discretization of Û

State: uniform partition of X̂

Discrete transitions

Reachability analysis on ˙̂x = f̂ (x̂ , û, ŵ)

Reachable set over-approximated by an interval 1

û

û

û

û

1Meyer, Devonport, Arcak. TIRA: Toolbox for Interval Reachability Analysis, HSCC 2019
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Discrete control synthesis

2-step synthesis

Safety game: STAY in target set

initialize safe set as target set
iteratively remove states
that cannot be kept inside safe set

Reachability game: REACH safe subset of target set

initialize reach set as safe set
iteratively add states
that can be brought to reach set in a single step

(AVOID specification handled during abstraction creation)

Docking area
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Controller refinement

Concrete model Continuous abstraction Discrete abstraction

u1

u1

u2

u2
u1

u2

u2
u1

u1

u1

u1

u2

u2
u1

u2

u2
u1

u1

M
o
d

e
ls

Docking area Docking area

Tracking controller Piecewise constant controller Discrete controller

S
p

e
ci

fi
ca

ti
o
n

s
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d
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tr
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ll

e
rs

ẋ = f(x, u, w) ˙̂x = f̂(x̂, û, ŵ)

Reach-avoid-stay specification Updated specifications

{u1, u2}
∅
u2

u2

Pierre-Jean Meyer (UC Berkeley) Continuous and discrete abstractions for planning IFAC 2020 9 / 13



Models of a marine vessel

6D concrete model

States: 3 positions (N,E , ψ), 3 velocities (u, v , r)

Inputs: thrusts

Disturbances: currents + wind

3D continuous abstraction

States: 3 positions

Inputs: 3 velocities

Disturbances: currents

u

v

r

E

N

ψ

Model ship (length 1.97 m)
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Ship abstractions and synthesis

Continuous abstraction procedure

Error on positions and velocities: e = x −
(
x̂
û

)
Computation of tracking controller and error bounds: 6 min

Discrete abstraction procedure

Sampling period: 3 s

Control discretization into 729 values (93)

State partition into 125000 cells (503)

Computation times: abstraction 10 s, synthesis 15 h

Results: 93% of state space is controllable

Docking area
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Simulation results

Concrete model
Continuous abstraction
Black arrows: ship heading

Good tracking despite conservative
error bound
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Conclusions

Formal control synthesis for reach-avoid-stay problems

Combining continuous and discrete abstractions

Makes discrete abstraction applicable to larger systems

Current efforts: experimental validation on model ship at NTNU

Marine Cybernetics Laboratory, NTNU
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